We construct static and time dependent exact soliton solutions for a theory of scalar fields taking values on a wide class of two dimensional target spaces, and defined on the four dimensional space-time S 3 × IR. The construction is based on an ansatz built out of special coordinates on S 3 . For the case where the target space is the sphere S 2 , the infinite set of solutions have non-trivial Hopf topological charges.
In this paper we consider a non-linear field theory of a complex scalar field u defined on the space-time S 3 × IR. The theory is integrable in the sense that it possesses a generalized zero curvature representation of its equations of motion and an infinite number of local conservation laws [1, 2] . The conserved currents are associated to the invariance of the theory under the area preserving diffeomorphisms on the target space. Our considerations apply to a wide class of target spaces, but the case of most interest is that of the sphere S 2 , in which case the field u parametrizes a plane corresponding to the stereographic projection of S 2 .
We construct an infinite number of static and time dependent exact soliton solutions using an ansatz [3, 2] that reduces the four dimensional non-linear equations of motion into linear ordinary differential equations. The static solitons have finite energy, and in the case of the target space S 2 they carry non-trivial Hopf topological charges. Although the topology is the same as that of other models possessing hopfion solutions [3, 4, 5] , the Derrick's scaling arguments is circumvented in a different manner. The action is the square of the pull-back of the area form on target space. Therefore, it is quartic in derivatives, and quadratic in time derivatives. The stability of the static three dimensional solutions comes from the fact that the physical space is S 3 and that introduces a length scale given by its radius (which we set to unity). A model in Euclidean space where a similar stability mechanism occurs is discussed in [6] .
The metric on the space-time S 3 × IR is given by
where t is the time, and z, ϕ i , i = 1, 2, are coordinates on the sphere S 3 , and 0 ≤ z ≤ 1, 0 ≤ ϕ i ≤ 2π. Embedding S 3 on IR 4 we get that the Cartesian coordinates of the points of S 3 are
The model is defined by the action
where the volume element on S 3 is dΣ = 1 2 dz dϕ 1 dϕ 2 , and
where ∂ µ denotes partial derivatives with respect to the four coordinates on S 3 × IR, namely ζ µ ≡ (t, z, ϕ 1 , ϕ 2 ), u is a complex scalar field, and γ ≡ γ (| u | 2 ), is a real functional of the squared modulus of u, and it defines the geometry of the target space. The metric on target space is given by
Some cases of interest are the following: a) γ = 1 corresponding to the plane with coordinates being the real and imaginary parts of u,
to the sphere S 2 . In such case, u is related to the three dimensional unit vector n ( n 2 = 1) defining the sphere, through the stereographic projection
The Euler-Lagrange equations following from (3) is given by
together with its complex conjugate, and where
The model (3) possesses an infinite number of local conserved currents given by
where G is a function of u and u * but not of its derivatives. Using the equations of motion (7) and the identities
one can check that (9) is indeed conserved, i.e. ∂ µ J µ = 0. The symmetries associated to such conservation laws are the area preserving diffeomorphisms of the target manifold. Indeed, the tensor h µν /γ is the pull-back of the area form on the target space
Therefore, the action (3) is invariant under diffeomorphisms preserving the area (11), and (9) are the corresponding Noether currents [7, 2] .
We now construct time-independent solutions for the theory (3). Following [2, 3] we introduce the static ansatz
where m i , i = 1, 2, are arbitrary integers, and f is a real profile function. In the coordinates introduced in (1) one gets that the static gradient of u becomes
whereê a , a = z, ϕ 1 , ϕ 2 , constitute a set of orthogonal unit vectors, i.e.ê a ·ê b = δ ab . Each one is perpendicular to the surfaces of constant values of the corresponding coordinates. In addition, the vector introduced in (8) becomes
Replacing that into (7) one gets the non-linear ordinary differential equation
where
We now make a change of variable in the profile function, introducing a function g by
For instance, in the particular cases discussed below (5) we get that: a) for the plane where γ = 1 one has g = f 2 , and g ≥ 0; b) for the Poincaré hyperbolic disk where
2 , one has g = 1/ (1 − f 2 ), and g ≥ 1; c) for the sphere S 2 where γ = (1+ | u | 2 ) 2 one has g = 1/ (1 + f 2 ), and 0 ≤ g ≤ 1.
So, with the change (17) one gets a linear ordinary differential equation in g
The solutions of that equation are
Notice that the argument of the logarithm is always positive, since 0 ≤ z ≤ 1. In fact, if none of the integers m i vanish it is never smaller than unity. The constants a and b are fixed by the geometry of the target space, i.e. the choice of γ (see comments below (17)), and also by the boundary conditions. The static energy associated to the action (3), for these configurations, is given by
Therefore, for appropriated boundary conditions the energy is finite.
The case of S 2 as target space
In the case where the target space is the two dimensional sphere S 2 , we have γ = (1+ | u | 2 ) 2 , and so g = 1/ (1 + f 2 ) and 0 ≤ g ≤ 1. The ansatz (12) becomes
In this case we choose the solution (19) as
where q is
So, g is a monotonic function varying from g = 0 at z = 0 to g = 1 at z = 1. A decreasing function can be obtained by the interchange
The energy functional (20) evaluated on the solutions (22) gives
So, the energy does not depend upon the signs of the integers m 1 and m 2 and it is invariant under the interchange m 1 ↔ m 2 .
The static solutions (22) define a map from the physical space S 3 to the target space S 2 , and so it is a Hopf map [8] . In order to calculate de Hopf index of the solution we introduce
which defines another 3-sphere S 
Since u parametrizes the sphere S 2 through the stereographic projection (6), we have that (26) gives the map S 3 Φ → S 2 . So, the Hopf index is in fact evaluated through the map S 3 → S 3 Φ → S 2 , as we now explain. We introduce the potential
and the differential operator ∇ is defined on the physical space S 3 . The Hopf index is defined by the integral [8] 
where dΣ is the volume element on the physical space S 3 . Evaluating we get
and
Consequently we get that
Therefore, the solutions (22) have Hopf index Q H = m 1 m 2 . Such index can also be calculated as the linking number of the pre-images of two points of S 2 [8] . Notice, from (6) , that the north pole of S 2 , n = (0, 0, 1), corresponds to u → ∞, and so from (21) to g = 0. On the other hand, the south pole of S 2 , n = (0, 0, −1), corresponds to u = 0, and so to g = 1. Therefore, from (25) and (28), we see that the pre-image on S 
Time dependent solutions
In order to calculate time-dependent solutions we still use the ansatz (12), with the profile function now depending upon time
Replacing that ansatz into the equation of motion (7) we get the partial linear differential equation
with g being related to f in the same way as (17), and Ω defined in (16).
One can solve (34) by separation of variables introducing
and with J and F satisfying ∂
where ω 2 is the separation of variables constant, and q is defined in (23).
The general solutions of (36) are
The equation (37) is what is called a Heun equation [9] . It is a generalization of Gauss hypergeometric equation in the sense that it has one extra regular singular point. Inddeed, (37) reduces to the hypergeometric equation for q = 1. Notice that (37) is invariant under the joint transformations q ↔ 1/q and z ↔ 1 − z. Therefore, if F q (z) is a solution of (37) for some value of q, so is F 1/q (z) = F q (1 − z) for the inverse value 1/q. One can obtain solutions of (37) in powers series around z = 0 and for 0 ≤ q ≤ 1. The solutions for q ≥ 1, are then obtained from those using the above symmetry [6] .
As discussed below (17), the values that g can take depends upon the target space, i.e. the choice of γ. A given fixed ω may therefore not lead to allowed solutions. Consequently, time dependent solutions are in general obtained by linear combinations of separable solutions with different values of ω.
